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ABSTRACT 

I n  many areas of mathematical  p h y s i c s  where one i s  i n t e r e s t e d  i n  t h e  

p ropaga t ion  of waves through nonuniform media, it is  o f t e n  assumed t h a t  

p e r i o d i c  e x c i t a t i o n s  r e s u l t  i n  p e r i o d i c  r e sponses .  Th i s  assumption i s  exa- 
mined by r i g o r o u s l y  i n v e s t i g a t i n g  t h e  e x i s t e n c e  of p e r i o d i c  s o l u t i o n s  of 

l i n e a r  h y p e r b o l i c  d i f f e r e n t i a l  equat ions  whose c o e f f i c i e n t s  vary  wi th  pos i -  

t i o n  and whose s o l u t i o n  must s a t i s f y  p e r i o d i c  boundary o r  sou rce  d a t a .  It 

is  shown t h a t  t h e  n a t u r e  of t h e  c o e f f i c i e n t s  of t h e  u n d i f f e r e n t i a t e d  terms 

of t h e  d i f f e r e n t i a l  system i s  c r u c i a l  i n  de t e rmin ing  whether o r  n o t  t h e  

s o l u t i o n  is  p e r i o d i c .  I n  phys i ca l  a p p l i c a t i o n s ,  t h e s e  c o e f f i c i e n t s  u s u a l l y  

depend on t h e  g r a d i e n t s  of m e d i a  p r o p e r t i e s  as  w e l l  as on t h e  media p r o p e r t i e s  

themselves.  I n  p a r t i c u l a r ,  i t  i s  shown t h a t  f o r  a g e n e r a l  hype rbo l i c  svstem 

of two e q u a t i o n s  i n  one space dimension, t h e  s o l u t i o n  i s  n o t  p e r i o d i c .  

Moreover, t h i s  can  remain t r u e  even i f  t h e  media g r a d i e n t s  are assumed small. 

However, i f  t h e  media g r a d i e n t s  vanish,  o r  i f  t h e y  v a n i s h  except  f o r  a 

bounded r e g i o n  of space ,  t h e  s o l u t i o n  i s  shown t o  be  p e r i o d i c  f o r  a l a r g e  

enough t i m e .  Furthermore,  i f  t hese  g r a d i e n t s  v a n i s h  a s y m p t o t i c a l l y  a t  l a r g e  

d i s t a n c e s ,  t h e n  t h e  d i s t u r b a n c e s  w i l l  b e  a s y m p t o t i c a l l y  p e r i o d i c  f o r  i n c r e a s i n g  

t i m e .  

d i s t u r b a n c e s  through nonuniform steady f lows of a l o s s l e s s  f l u i d .  

S p e c i a l  a t t e n t i o n  i s  given t o  t h e  p ropaga t ion  of i n f i n i t e s i m a l  p r e s s u r e  
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1. INTRODUCTION 

H i s t o r i c a l l y ,  t h e  mathematical  t r ea tmen t  of problems i n  l i n e a r  wave 

propagat ion  has  of ten  been a ided  by t h e  assumption t h a t  p e r i o d i c  e x c i t a t i o n s  

r e s u l t  i n  p e r i o d i c  responses  (see, f o r  instance, [ 1 ] - [ 7 ] ) .  More p r e c i s e l y ,  

i t  is assumed t h a t  id ,the ex-oa (caued 6q b o w t c ~  oh at boundatLien1 

ahe p e h h d i c  uli;th a hhequency 

w-LU &a be p d o d i c  i n  h e  ~ L t h  a d'requency w . 
w is supposedly independent of p o s i t i o n .  However, t h e  t i m e  one has  t o  w a i t  

i n  o r d e r  t o  observe t h e  p e r i o d i c i t y  may depend on p o s i t i o n .  

w , then don a h k g e  enough h e ,  t h e  heAponAe 

The r e sponse  frequency 

Of p a r t i c u l a r  i n t e r e s t  h e r e  are those  phenomena which are governed by a 

system of l i n e a r  hyperbol ic  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  whose c o e f f i c i e n t s  

may va ry  w i t h  t h e  space c o o r d i n a t e s .  Then t h e  p e r i o d i c i t y  assumption r e su l t s  

i n  a g r e a t  s i m p l i f i c a t i o n :  the t i m e  dependent l i n e a r  hype rbo l i c  system reduces  

t o  a t i m e  independent l i n e a r  e l l i p t i c  system, i .e .  t h e  number of independent 

v a r i a b l e s  have been reduced by one. It i s  t h e  purpose of t h i s  work t o  examine 

t h e  v a l i d i t y  of t h i s  p e r i o d i c i t y  assumption.  

C e r t a i n l y ,  f o r  t h e  propagat ion  of waves i n  uniform media, t h e  p e r i o d i c i t y  

assumption has  been u s e d  wi th  g r e a t  success .  Indeed,  i t  can be shown ( see  

s e c t i o n  3 below) t h a t  f o r  van i sh ing  i n i t i a l  c o n d i t i o n s ,  the p e r i o d i c i t y  of t h e  

s o l u t i o n  i s  n o t  an assumption f o r  uniform media, b u t  i s  a mathematical  r e a l i t y .  

When waves are propagat ing through a nonuniform media, t h e  c o e f f i c i e n t s  of t h e  

governing d i f f e r e n t i a l  system depend n o t  on ly  on the p r o p e r t i e s  of t h e  media, 

b u t  a l s o  on t h e i r  g rad ien t s .  It is  u s u a l l y  t h e  case t h a t  media g r a d i e n t s  e n t e r  

only i n t o  t h e  c o e f f i c i e n t s  of terms invo lv ing  u n d i f f e r e n t i a t e d  va lues  of t h e  

dependent v a r i a b l e s .  

o r d e r  c o e f f i c i e n t s " .  ) 

(Herea f t e r ,  w e  w i l l  r e f e r  t o  t h e s e  c o e f f i c i e n t s  as "lower 
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It is  shown below t h a t  i t  is  p r e c i s e l y  t h e s e  c o e f f i c i e n t s  which are c r u c i a l  

i n  de t e rmin ing  whether o r  n o t  t h e  s o l u t i o n  of t h e  govern ing  d i f f e r e n t i a l  

sys tem i s  p e r i o d i c .  In s e c t i o n  3 w e  examine t h e  p e r i o d i c i t y  q u e s t i o n  f o r  

t h e  g e n e r a l  case of t h e  lower o r d e r  c o e f f i c i e n t s  be ing  nonzero and of a r b i t r a r y  

magnitude throughout  t h e  range  of v a l i d i t y  of t h e  d i f f e r e n t i a l  system s t a t e d  

i n  s e c t i o n  2 .  

cases. F i r s t ,  i n  s e c t i o n  4 ,  we assume t h a t  t h e  lower o r d e r  c o e f f i c i e n t s  are 

s m a l l  ( i n  some s e n s e ) .  Then, i n  s e c t i o n  5, we assume t h a t  t h e s e  c o e f f i c i e n t s  

e i t h e r  v a n i s h  everywhere excep t  f o r  a r e g i o n  near t h e  o r i g i n ,  where t h e i r  

magnitude may be a r b i t r a r y .  I n  s e c t i o n  5 w e  a l s o  c o n s i d e r  t h e  case of t h e  

lower o r d e r  c o e f f i c i e n t s  van i sh ing  a s y m p t o t i c a l l y  a t  l a r g e  d i s t a n c e s .  

We t h e n  examine t h r e e  impor tan t  p h y s i c a l l y  mot iva ted  s p e c i a l  

I n  s e c t i o n  6 w e  s tudy  t h e  i m p l i c a t i o n s  t o  p h y s i c a l  phenomena which can be  

d e s c r i b e d  by e q u a t i o n s  such as those  p re sen ted  i n  s e c t i o n  2. A d e t a i l e d  

account i s  g iven  f o r  one such  phenomena, i . e .  t h e  p ropaga t ion  of i n f i n i t e s i m a l  

p r e s s u r e  f l u c t u a t i o n s  through nonuniform s t e a d y  f l a w s  of  a l o s s l e s s  f l u i d .  

2.  THE MATHEMATICAL PROBLEN 

As a p r o t o t y p e  governing system w e  examine a sys tem of two e q u a t i o n s  wi th  

one s p a c e - l i k e  independent v a r i a b l e  which wi thou t  l o s s  of g e n e r a l i t y  may be 

w r i t t e n  as 

t X 

The mathemat ica l  problem t o  be cons idered  i s  whether o r  n o t  a system such  as 

(1) has p e r i o d i c  s o l u t i o n s  ( f o r  some range of x and t )  f o r  some set  of g iven  



i n i t i a l  and ( p e r i o d i c )  boundary and/or  s o u r c e  c o n d i t i o n s .  R e s t r i c t i o n  is 

now made t o  t h o s e  problems f o r  which X and cr are p o s i t i v e .  The a n a l y s i s  of 

t h i s  work can be c a r r i e d  ou t  i n  a s i m i l a r  manner f o r  t h e  "supersonic"  case, 

i .e .  X>O and o<O. 

The system (1) can be  cons ide red  v a l i d  f o r  e i t h e r  --rn<x<m o r  x>O. I n  

t h e  f i r s t  ca se  t h e  d r i v e r  is a p e r i o d i c  s o u r c e  which i n t r o d u c e s  i n t o  t h e  

r i g h t  hand s i d e  of (1)  t h e  v e c t o r  

(1:::) exp( iwt )  . 

I n  p a r t i c u l a r ,  a p o i n t  s o u r c e  l o c a t e d  a t  x=a would y i e l d  m(x)=n(x)=q6(x-a) 

where q is  a cons t an t .  For t h e  s e m i - i n f i n i t e  r e g i o n  x>O, t h e  d r i v e r  may be a 

source  such as  (2)  w i th  an a d d i t i o n a l  boundary c o n d i t i o n  a t  x = O .  On t h e  o t h e r  

hand, t h e  boundary c o n d i t i o n  i t s e l f  may d r i v e  t h e  problem s o  t h a t  (1) remains 

homogeneous. I n  t h i s  work w e  p r e s e n t  r e s u l t s  f o r  t h e  boundary c o n d i t i o n  

$(x=O) = q exp( iwt )  . ( 3 )  

The g e n e r a l  r e s u l t s  ob ta ined  are e q u a l l y  v a l i d  f o r  problems d r i v e n  by s o u r c e s  

o r  by more g e n e r a l  boundary c o n d i t i o n s  of t h e  t y p e  

S p e c i f i c  r e s u l t s  for  t h e s e  problems can be deduced i n  a s imilar  manner as t h o s e  

ob ta ined  below f o r  t h e  boundary - c o n d i t i o n  ( 3 ) .  

F i n a l l y ,  i n  o rde r  t o  c l o s e  t h e  mathemat ica l  d e s c r i p t i o n  of t h e  problem, 

i n i t i a l  c o n d i t i o n s  must be s p e c i f i e d .  I n  g e n e r a l ,  p h y s i c a l l y  c o r r e c t  i n i t i a l  

c o n d i t i o n s  are  n o t  easy t o  d e f i n e ,  and i n  f a c t ,  one of t h e  main r easons  f o r  

a 



l o o k i n g  f o r  p e r i o d i c  s o l u t i o n s  i s  t h a t  t h e s e  would be independent of t h e  

i n i t i a l  da t a .  For t h e  purposes  of t h i s  work, t h e  g e n e r a l  i n i t i a l  c o n d i t i o n s  

9(t=O) = f ( x )  and +(t=O) = g(x)  ( 4 )  

w i l l  b e  used. However, t h e  v e r y  r easonab le  and perhaps  p h y s i c a l l y  a p p l i c a b l e  

i n i t i a l  c o n d i t i o n  $=$=O w i l l  be kep t  i n  mind. Vanishing i n i t i a l  d a t a  i m p l i e s  

t h a t  t h e r e  i s  no d i s t u r b a n c e  f o r  t < O ,  and t h a t  t h e  boundary o r  sou rce  d i s t u r -  

bance is s t a r t e d  a t  t = O .  

Because of t h e  l i n e a r i t y  of t h e  d i f f e r e n t i a l  system and s i d e  c o n d i t i o n s ,  

t h e  problem of sou rces  and /o r  boundaries and i n i t i a l  d a t a  can be t r e a t e d  

s e p a r a t e l y ;  f o r  example, f o r  a b o u n d a r y / i n i t i a l  v a l u e  problem w i t h  no s o u r c e ,  

+ O,, then @ can s a t i s f y  homogeneous boundary d a t a  w i t h  non- 2 i f  $=$ 

homogeneous i n i t i a l  d a t a ,  and v i c e  versa  f o r  9 1' 

With t h e  i n t r o d u c t i o n - o f  t h e  c h a r a c t e r i s t i c  independent v a r i a b l e s  

t h e  s y s t e m  (1)  becomes 

s i n c e  from ( 5 )  x i s  a f u n c t i o n  of (a-B) o n l y .  I n  (6)  

- 
(a+X)A = x u  , (o+A)B = 50 , (a+h)C = EX , and (a+A)D = DX . 

3. NONPERIODICITY FOR THE GENERAL SYSTEM 

Before examining t h e  n a t u r e  of t h e  s o l u t i o n s  of t h e  system (61 ,  t h e  s i d e  

5 



c o n d i t i o n s  must be t ransformed i n t o  t h e  c h a r a c t e r i s t i c  p l ane .  From (5) 

t h e  boundary l i n e  x=O becomes t h e  l i n e  a=B, and t h e  i n i t i a l  l i n e  t = O  be- 

comes a cu rve  w h i c h  can be given p a r a m e t r i c a l l y  as a=h (x)  and B=h (x ) .  

The o r i g i n  x=t=O t ransforms t o  a=B=O. 

I n  t h i s  s e c t i o n  a d e t a i l e d  proof i s  g iven  f o r  t h e  non-pe r iod ic i ty  of 

1 2 

s o l u t i o n s  of t h e  s y s t e m  (6) wi th  t h e  s i d e  c o n d i t i o n s  (3 )  and ( 4 )  which t r a n s -  
I 
i form t o  

$(a,B) = exp( iwt)  f o r  a=B=t I 
$(a, B )  = f ( x )  1 for  1 a=hl (XI 

Q(a,B) = g(x)  B=h2(x) . 

The r e s u l t s  of t h i s  s e c t i o n  w i l l  ho ld  f o r  any o t h e r  combinat ion of s i d e  condi-  

t i o n s  d i scussed  i n  s e c t i o n  2 ,  a l t hough  f o r  s i d e  c o n d i t i o n s  o t h e r  than  ( 7 )  no 

d e t a i l e d  p r o o f s  w i l l  be  p re sen ted  i n  t h i s  work. 

As i n d i c a t e d  in  s e c t i o n  2, two sub-problems w i l l  be  cons ide red .  F i r s t  l e t  

$l(a,B) = exp( iwt )  f o r  a = E ( ~ 0 )  

and 

a,B) = + (a,B) = 0 f o r  t = 0 $1 ( 1 

where < 1, i are s o l u t i o n s  o f  t h e  system ( 6 ) .  Then l e t  

g2(a,B) = 0 f o r  x = 0 

g2(a ,B)  = f ( x )  and $ 2 ( a , B )  = g(x )  f o r  t = 0 

a r e  a l s o  s o l u t i o n s  of ( 6 ) .  Then +=$ +I$ and $J=$~++,, w i l l  s a t i s f y  where $ 2 , ~ 2  

(6)  and t h e  s i d e  cond i t ions  ( 7 ) .  Note t h a t  i f  t h e  i n i t i a l  c o n d i t i o n s  van i sh ,  

1 2  ... 

6 
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i.e. f=g=O, t h e n  Q =O so t h a t  Q=Q The n o n p e r i o d i c i t y  of s o l u t i o n s  is  now 

proven by c o n t r a d i c t i o n .  

2 1' 

It is clear t h a t  due t o  t h e  van i sh ing  i n i t i a l  d a t a  f o r  Q and $ t h a t  1 1' 

Q =J, =O ahead of t h e  r i g h t  running  c h a r a c t e r i s t i c  p a s s i n g  through t h e  o r i g i n  1 1  

Then, on t h i s  curve (B=O) t h e  s i d e  cond i t ion  J, =O may be  imposed. Now, so lu-  

t i o n s  are sought i n  t h e  r e g i o n  O<B<a, a>O (see F igure  1). 

1 

The f i r s t  equa t ion  of t h e  system ( 6 )  may be i n t e r p r e t e d  as an o r d i n a r y  

d i f f e r e n t i a l  equa t ion  f o r  4 as a func t ion  of cx w i t h  B p l a y i n g  t h e  r o l e  of a 

parameter. The s o l u t i o n  Q t o  t h i s  o rd ina ry  d i f f e r e n t i a l  e q u a t i o n  is  s u b j e c t  

t o  t h e  " i n i t i a l  cond i t ion"  Q,(a=B) = exp ( i w t ) .  Then, fo rma l ly  

1 

Likewise,  t h e  second e q u a t i o n  of (6) can be thought of as an o rd ina ry  d i f f e r e n t i a l  

e q u a t i o n  f o r  $ 

now a can be cons ide red  t o  be a parameter.  Then fo rma l ly ,  

as a f u n c t i o n  of B with t h e  " i n i t i a l  cond i t ion"  $L(B=O)=O where 1 

1 S u b s t i t u t i n g  (11) i n t o  (10) y i e l d s  the i n t e g r a l  equa t ion  f o r  Q 

7 



The r eg ion  of  i n t e g r a t i o n  fo r  t h e  double  i n t e g r a l  a p p e a r i n g  i n  (12) is t h e  

q u a d r i l a t e r a l  B<S<a , O < n < B .  

From (5) it is  obvious t h a t  t h e  c h a r a c t e r i s t i c  c u r v e s  of t h e  same fami ly  

are e q u a l l y  spaced i n  t i m e  i n  t h e  sense  t h a t  

a(t+At) = a ( t )  + A t  

and 

B(t+At) = B ( t )  + A t  * 

Then, from (12) and t h e  f a c t  t h a t  c o e f f i c i e n t s  A,  B, C and D depend on (a-6) 

o n l y ,  i t  can be  shown t h a t  

1 Now t h e  p e r i o d i c i t y  assumption i s  made, i . e .  f o r  t > t * ( x ) ,  t h e  s o l u t i o n  f o r  4 

w i l l  be p e r i o d i c  i n  t i m e  w i t h  a p e r i o d  T=27~/w where t * ( x )  is some cu rve  i n  

space such  t h a t  f o r  any x,  i f  t < t * ( x ) ,  4 i s  no t  p e r i o d i c .  T h i s  i m p l i e s  t h a t  1 

t = t * ( x )  i s  t h e  d i v i d i n g  cu rve  between r e g i o n s  i n  which I$ is  p e r i o d i c  and non- 1 

p e r i o d i c .  In c h a r a c t e r i s t i c  c o o r d i n a t e s  t h e  l i n e  t * ( x )  i s  g iven  p a r a m e t r i c a l l y  

as 

X 
a = t* (x)  + f 2% 

0 o(E.1 

X 

% 8 = t * (x )  - 
0 
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which i n  theo ry  can be  w r i t t e n  as B = B*(a) (see F igure  1 ) .  The p e r i o d i c i t y  

assumption t h e n  i m p l i e s  t h a t  

Then i f  B is chosen so  t h a t  B>B*(a), which can always be accomplished by 

choos ing  t > t * ( x ) ,  e q u a t i o n  (14) reduces t o :  

where 

and 

There fo re  u n l e s s  (G+H) van i shes  t h e  p e r i o d i c i t y  assumption (15) i s  c o n t r a d i c t e d ,  

s i n c e  t h e n  

The p e r i o d i c i t y  of 0, i s  now reduced t o  t h e  q u e s t i o n  of whether o r  n o t  

(G+H) can  van i sh .  I f  e i t h e r  C o r  B vanish,  then G=H=O, and t h e  p e r i o d i c i t y  

assumpt ion  is n o t  c o n t r a d i c t e d .  Indeed, from (12) it is  e a s y  t o  see t h a t  i f  

B o r  C v a n i s h ,  t hen  0, i s  p e r i o d i c .  I t  i s  a l s o  p o s s i b l e  t h a t  G and H v a n i s h  
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s e p a r a t e l y  wi thou t  C and B van i sh ing .  But, f o r  H ,  t h i s  would imply t h a t  t h e  

c o e f f i c i e n t s  of  the  d i f f e r e n t i a l  equa t ion  depend on T=2.rr/wY which i s  s p e c i -  

f i e d  by t h e  boundary c o n d i t i o n ,  s o  t h a t  H i n  g e n e r a l  does  no t  van i sh .  

a d d i t i o n ,  t h e  f a c t  t h a t  H does n o t  v a n i s h  i m p l i e s  t h a t  i f  B*(x)=O t h e  s o l u t i o n  

i s  n o t  p e r i o d i c ,  i .e.  t h e  s o l u t i o n  f o r  v a n i s h i n g  i n i t i a l  c o n d i t i o n s  cannot  be 

p e r i o d i c  everywhere above t h e  l e a d i n g  c h a r a c t e r i s t i c  P O .  

I n  

There remains t h e  p o s s i b i l i t y  t h a t  G and H do n o t  v a n i s h ,  b u t  t h e  combina- 

t i o n  (G+H) does. I f  (G+H)=O and i f  B ?! 0 and i s  independent ly  s p e c i f i e d ,  

then from (17) and (18) 

f o r  B<c<cr. Equation (20) may be thought  of as a r e l a t i o n  t h a t  d e f i n e s  f o r  

each 5 i n  the  range @<<<a the  number B * ( c )  such t h a t  (G+H) van i shes .  Note 

t h a t  f3*(5) w i l l  i n  g e n e r a l  depend on T, which i s  a c c e p t a b l e  s i n c e  one can admit 

d i f f e r e n t  B * ( t )  values  f o r  d i f f e r e n t  c h o i c e s  of T=2/.rrw. However, from (20)  i t  

i s  obvious t h a t  @*(E) w i l l  a l s o  depend on 6, i . e .  $ * = B * ( C ; B ) .  In  p a r t i c u l a r ,  

i f  CL is  he ld  f i x e d ,  and i f  B i s  v a r i e d ,  s a y  from B=B t o  

g e n e r a l  f o r  any 5 such t h a t  

B=B2>B1, then i n  1 

B2<<<a 

This  i m p l i e s  t h a t  t h e  assumed curve  B*(c i )  [ o r  t * ( x ) ]  above which 9 w a s  assumed 

t o  be p e r i o d i c  cannot e x i s t  s i n c e  f o r  any f i x e d  a,B* depends n o t  on ly  on a but  

on B which c o n t r a d i c t s  t h e  assumption t h a t  B*=B*(cr)  on ly .  

1 
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I n  a s i m i l a r  manner, it can  b e  shown t h a t  9 is i n  g e n e r a l  n o t  p e r i o d i c .  1 
By s u b s t i t u t i n g  (10) i n t o  (111, t h e  i n t e g r a l  e q u a t i o n  f o r  J, is 

1 

Then by t h e  same p r o c e s s  as fo r  $ i t  can  be shown t h a t  J, is  n o t  i n  g e n e r a l  1’ 1 

p e r i o d i c .  The excep t ions  are t h a t  i f  C=O, Q1 w i l l  be  p e r i o d i c .  (Note t h a t  

f o r  B=O, $ w i l l  n o t  be  p e r i o d i c ,  a l though $ i s  p e r i o d i c  i n  t h i s  c a s e . )  1 1 

The conclus ion  i s  t h a t  u n l e s s  C v a n i s h e s ,  b o t h  $ and J,l w i l l  n o t  be 1 

p e r i o d i c  f u n c t i o n s  of t i m e  w i t h  per iod 2 ~ r / w .  This  i m p l i e s  t h a t  i n  g e n e r a l  

a t  X = O ,  .then Xhe d u L l L t i a n b  ad ( 6 )  w i l l  noX b W e  i i d o  a petLiodic b;tate. 

T h i s  i s  impor tan t  s i n c e  van i sh ing  i n i t i a l  c o n d i t i o n s  are p h y s i c a l l y  a p p l i c a b l e .  
- 

The problem f o r  $ and Q2 e s s e n t i a l l y  a d d r e s s e s  t h e  q u e s t i o n  of whether  2 

t h e r e  i s  an i n i t i a l  c o n d i t i o n  which, i n  con junc t ion  w i t h  $ and J, w i l l  

y i e l d  a p e r i o d i c  s o l u t i o n .  

t o  $, and Q 

be p e r i o d i c .  However, one h a s  t o  cons ide r  t h e  p o s s i b i l i t y  t h a t  a l though  $ 

1 1’ 

I f  $ 2  and Q 

1 2 2 

are so lved  f o r  i n  a manner s imilar  

and Q w i l l  i n  g e n e r a l  n o t  

2 

above, t hen  i t  can be  shown t h a t  Q 

1’ 

Q1, $ 2 ,  and Q are n o t  p e r i o d i c ,  t h e  combinat ions ( Q  +Q ) and (J ,  +J, ) are  2 1 2  1 2  

1 p e r i o d i c .  However, i t  a g a i n  can be  shown i n  a manner s imilar  t o  t h a t  f o r  0 

above t h a t  i f  $ and $ (and l i k e w i s e  f o r  J,)  are  n o t  p e r i o d i c ,  t hen  t h e  com- 

b i n a t i o n  ($ +$ ) i s  p e r i o d i c  on ly  f o r  s p e c i a l l y  chosen i n i t i a l  d a t a ,  i . e .  t h e  

i n i t i a l  c o n d i t i o n s  w i l l  be  f u n c t i o n s  of t h e  boundary c o n d i t i o n  (namely f u n c t i o n s  

1 2 

1 2  

of w) and /o r  t h e  c o e f f i c i e n t s  of t h e  d i f f e r e n t i a l  system. Therefore ,  i f  t h e  

i n i t i a l  d a t a  i s  a r b i t r a r i l y  s p e c i f i e d ,  t h e n  $=$1+$7 and I$ =$ +J, w i l l  n o t  be  
L 1 2  

p e r i o d i c .  
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O f  cour se ,  there do exis t  i n i t i a l  c o n d i t i o n s  for  which t h e  s o l u t i o n  

( $ , J I )  i s  p e r i o d i c .  I n  f a c t  i f  t h e  e l l i p t i c  system 

(; -:) (J X + (K+; (;)= O 

w i t h  a p p r o p r i a t e  boundary c o n d i t i o n s  is  w e l l  posed,  t h e n  t h e  i n i t i a l  c o n d i t i o n  

$ = a ( x ) ,  $=b(x) w i l l  y i e l d  t h e  p e r i o d i c  s o l u t i o n  

Note t h a t  s i n c e  (a ,b)  a r e  s o l u t i o n s  of (22), t h e y  depend on w and t h e  co- 

e f f i c i e n t s  o f  t h e  d i f f e r e n t i a l  system (1 ) .  

chosen i n i t i a l  cond i t ions  which w i l l  y i e l d  p e r i o d i c  s o l u t i o n s  f o r  t l a r g e  

enough. However, i t  i s  e a s y  t o  show t h a t  if such  a p e r i o d i c  s o l u t i o n  does 

e x i s t ,  t hen  i f  t h e  i n i t i a l  d a t a ,  t h e  c o e f f i c i e n t s  of t h e  d i f f e r e n t i a l  e q u a t i o n ,  

o r  t h e  f requency  o r  ampl i tude  of t h e  boundary d a t a  are p e r t u r b e d ,  t h e  r e s u l t i n g  

s o l u t i o n  w i l l  n o t  be  p e r i o d i c .  For example, i f  ($I,$) i s  a p e r i o d i c  s o l u t i o n  o f  

(1) w i t h  

There even may be o t h e r  s p e c i a l l y  

f o r  some s p e c i a l l y  chosen ( f , g ) ,  t hen  t h e  s o l u t i o n  of  (1) w i t h  

w i l l  no t  be p e r i o d i c  s i n c e  t h e  combinat ion 

. 



s a t i s f i e s  ( 1 ) ,  

. 
which has  been shown above t o  p o s s e s s  a non-per iodic  s o l u t i o n .  

A l l  t h e  o t h e r  s i d e  c o n d i t i o n s  d i scussed  i n  s e c t i o n  2 y i e l d  similar re- 

s u l t s  t o  t h o s e  f o r  t h e  case t r e a t e d  above. The r e s u l t s  are summarized i n  

t h e  fo l lowing  l ist :  

1. I f  t h e  c o e f f i c i e n t s  B and C i n  (6) do n o t  v a n i s h ,  t hen  t h e  s o l u t i o n  

of (6) w i t h  a r b i t r a r y  i n i t i a l  d a t a ,  and p e r i o d i c  boundary and/or  sou rce  condi- 

t i o n s  w i l l  i n  gene ra l  n o t  se t t le  i n t o  a p e r i o d i c  s ta te ;  

2 .  Statement  1 remains t r u e  even f o r  t h e  p a r t i c u l a r  case of v a n i s h i n g  

i n i t i a l  da ta ;  

3 .  It i s  p o s s i b l e  t o  c o n s t r u c t  s p e c i a l  i n i t i a l  d a t a  which y i e l d  p e r i o d i c  

s o l u t i o n s .  

d a t a ,  as  w e l l  as on t h e  c o e f f i c i e n t s  of t h e  d i f f e r e n t i a l  system. Moreover, any 

p e r t u r b a t i o n  t o  t h e  governing system wi th  the  s p e c i a l  i n i t i a l  d a t a  w i l l  r e s u l t  

i n  a non-per iodic  p e r t u r b a t i o n  t o  t h e  s o l u t i o n ;  

However, t h i s  s p e c i a l  da t a  w i l l  depend on t h e  boundary and /o r  sou rce  

4 .  I f  t h e  c o e f f i c i e n t s  B and C i n  (6 )  van i sh ,  and t h e  i n i t i a l  d a t a  v a n i s h ,  

t hen  t h e  s o l u t i o n  of ( 6 )  w i l l  become p e r i o d i c .  I n  f a c t ,  i f  t h e  i n i t i a l  d a t a  i s  

non-zero i n  a compact r e g i o n ,  t h e  s o l u t i o n  w i l l  e v e n t u a l l y  be p e r i o d i c  a l s o ,  

and i f  t h e  i n i t i a l  d a t a  a sympto t i ca l ly  v a n i s h e s  as 1x1” , t hen  t h e  s o l u t i o n  

w i l l  a l s o  b e  a s y m p t o t i c a l l y  p e r i o d i c  f o r  t- . 

4 .  SYSTEMS WITH SMALL LOWER ORDER COEFFICIESTS 

- -  
Suppose t h a t  t h e  c o e f f i c i e n t s  A, B,  -d and 6 i n  (1)  do n o t  i d e n t i c a l l y  

van i sh ,  b u t  are sma l l  i n  t h e  sense  t h a t  
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- - -  
A ,  B, C and 5 = o(1)  . 

Then t h e  system (1) can be  w r i t t e n  i n  t h e  form 

- - -  
where ~ < < 1  and now A ,  B, C ,  and 5 = O ( 1 ) .  With s i d e  c o n d i t i o n s  (which are i n  

g e n e r a l  independent of E ) ,  t h e  s o l u t i o n  of  ( 2 3 )  may be o b t a i n e d  by a r e g u l a r  

p e r t u r b a t i o n  scheme by fo rma l ly  seek ing  s o l u t i o n s  of t h e  form 

1 2 (i) =(;:) +E (%I) + E 2  ( ; 2 )  + ... 

0 0  The governing system f o r  (4  ,$ ) i s  ( i n  c h a r a c t e r i s t i c  v a r i a b l e s )  simply 

which acco rd ing  t o  s t a t emen t  4 a t  t h e  end of s e c t i o n  3 has  a p e r i o d i c  s o l u t i o n  

f o r  van i sh ing  i n i t i a l  d a t a .  I n  f a c t ,  from (12)  and ( 2 1 )  i f  +(x=O)=exp(iwt)  t hen  

and 

$ O b ,  B) = 0 

above t h e  r i g h t  running c h a r a c t e r i s t i c  p a s s i n g  through t h e  o r i g i n .  

The governing system f o r  (Q1,$l) i s  then  

I 1 1 w i t h  (B ,B)=O and (J ( a , O ) = O .  Then 
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. 
1 1 1 Note t h a t  Q is  p e r i o d i c ,  i . e .  4 (a+T,B+T)=$ ( a , B ) ,  b u t  $l i s  n o t .  I n  f a c t  

C(a+T-q)exp(iwq)dq. x 1 
&~+T,B+T) =$ (01 + 

I f  t h e  p r o c e s s  is  cont inued ,  t h e  s o l u t i o n s  f o r  $2 and $2 w i l l  n o t  be p e r i o d i c .  

The re fo re  w e  are l e d  t o  t h e  fo l lowing  r e s u l t s  f o r  t h e  boundary v a l u e  problem 

w i t h  v a n i s h i n g  i n i t i a l  d a t a :  

2 4 = p e r i o d i c  f u n c t i o n  + E (non-periodic  f u n c t i o n )  

$ = p e r i o d i c  f u n c t i o n  + E (non-periodic  f u n c t i o n )  . 
For problems d r i v e n  by a p e r i o d i c  source  wi th  v a n i s h i n g  i n i t i a l  d a t a ,  bo th  4 

a n d J , w i l l  be non-per iodic  s t a r t i n g  with t h e  t e r m  p r o p o r t i o n a l  t o  E .  I n  

g e n e r a l ,  a problem governed by a system such  as (23)  h a s  a s o l u t i o n  whose l ead -  

i n g  t e r m  i s  p e r i o d i c .  I n  a l l  c a s e s  t h i s  p e r i o d i c  t e r m  may be e a s i l y  found by 

r ay  t r a c i n g  o r  fo l lowing  c h a r a c t e r i s t i c s  by s o l v i n g  t h e  system ( 2 4 ) .  

It seems t h a t  i f  t h e  c o e f f i c i e n t s  of t h e  u n d i f f e r e n t i a t e d  terms of (1) are 

s m a l l ,  one  could conclude t h a t  the  dominant t e r m  of t h e  s o l u t i o n  i s  p e r i o d i c ,  

and t h a t  t h e  non-pe r iod ic i ty  i s  contained i n  a s m a l l  p e r t u r b a t i o n  term. How- 

e v e r ,  i t  can e a s i l y  be shown t h a t  t h i s  series s o l u t i o n  i n  E i s  no t  n e c e s s a r i l y  

uni formly  v a l i d  i n  t i m e ,  i . e .  

comparable t o  o r  dominate over  t h e  ze ro th  o r d e r  t e r m .  

E$' and/or  E$' can grow i n  t i m e  and become 

Therefore ,  on ly  f o r  

t h o s e  c o e f f i c i e n t s  f o r  which t h e  non-periodic  p a r t  of t h e  s o l u t i o n  does n o t  

e x h i b i t  such  growth, i . e .  f o r  Q 1 and 41' such t h a t  

1 5  



w i l l  t h e  p e r i o d i c  p a r t  o f  t h e  s o l u t i o n  dominate ove r  t h e  non-per iodic  p a r t .  

It is  u s u a l l y  t h e  case  t h a t  t h e  s i g n s  of combina t ions  of t h e  c o e f f i c i e n t s  

A,  B, C and D determine whether  o r  n o t  9 0 and $o do indeed  dominate over  

1 and EIJJ r e s p e c t i v e l y .  

5. COMPACT LOWER ORDER COEFFICIENTS 

A very  important  c l a s s  of  problems are those  f o r  which t h e  c o e f f i c i e n t s  

A,  B, C and D of (6 )  e i t h e r  v a n i s h  everywhere excep t  f o r  a bounded r e g i o n  o r  

decay a sympto t i ca l ly  t o  ze ro  as t h e  d i s t a n c e  from t h e  o r i g i n  i n c r e a s e s .  

Suppose t h e s e  c o e f f i c i e n t s  v a n i s h  excep t  f o r  a r e g i o n  n e a r  t h e  o r i g i n  

x<x . In  p a r t i c u l a r ,  f o r  x>x C=O s o  t h a t  f rom (11) o r  ( 2 1 )  
0 0 

(25) Q = ' o  f o r  x > x . 
0 

f o r  v a n i s h i n g  i n i t i a l  d a t a .  

I n  F igu re  2 ,  t he  p o i n t  marked 1 i s  t h e  i n t e r s e c t i o n  of t h e  c h a r a c t e r i s t i c  

cu rve  Q = cons tan t  w i t h  t h e  l i n e  x=x . The c h a r a c t e r i s t i c  c o o r d i n a t e s  of  t h i s  

p o i n t  a r e  

0 

where 

a1 = Q and f3 = Q - d ( x  ) 1 0 

Then from (11) and C=O f o r  x>x  
0' 

f o r  x<x  and t large enough. 
0 
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I n  F igu re  3 ,  t h e  p o i n t  marked 2 is t h e  i n t e r s e c t i o n  of t h e  c h a r a c t e r i s t i c  

Curve B = c o n s t a n t  w i t h  t h e  l i n e  x=x The c h a r a c t e r i s t i c  c o o r d i n a t e s  of t h i s  

p o i n t  are  

0' 

B2 = 8 and a = B + d(xo)  . 2 

Then, from (10) and A=B=O f o r  x>x : 
0 

f o r  x>x . For x<x 4 i s  given by (10).  
0 0' 

The expres s ion  (29 )  f o r  4 i n c l u d e s  a n  i n t e g r a n d  which depends on v a l u e s  

of L f o r  x<x . Then, by s u b s t i t u t i n g  (27) i n t o  (29)  

O(a,B)=exp -{ f A(S-L)di} exp( io$) 

0 

a2 ( 8 )  

8 

f o r  x>s and t l a r g e  enough. 

From ( 2 6 )  and ( 2 8 )  

0 

( 3 0 )  

and 

Then from (30) . 
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which is a homogeneous i n t e g r a l  e q u a t i o n  of t h e  second k ind .  The re fo re  

f o r  x>x and t large enough. Th i s  i n  t u r n  i m p l i e s  t h a t  @ i s  p e r i o d i c  i n  t i m e  

w i th  a p e r i o d  T=2r/u. Then (25)  and (31) imply t h a t  t h e  complete  s o l u t i o n  I$ 

and I+ of ( 6 )  i s  p e r i o d i c  i n  t i m e  w i t h  a p e r i o d  T.  

0 

I n  a similar manner, i t  can be shown t h a t  f o r  x<x  bo th  c$ a n d $ a r e  p e r i o d i c  
0 

i n  t i m e  w i t h  a per iod  T f o r  l a r g e  enough v a l u e s  of  t .  For bo th  x<x and x>x 

l a r g e  enough t i m e  means t h a t  t h e  p o i n t  of  i n t e r s e c t i o n  of c h a r a c t e r i s t i c  

cu rves  rl = 0 and 5 = B (which is  t h e  p o i n t  marked 3 i n  F i g u r e s  2 and 3) l i e s  

t o  t h e  r i g h t  of t he  l i n e  x=x . To accomplish t h i s  f o r  a g iven  x ,  one o n l y  h a s  

t o  choose 

0 0 '  

0 

X 

dS + d(xo)  . 
0 

For t n o t  s a t i s f y i n g  (32 ) ,  non-pe r iod ic i ty  of t h e  a c o u s t i c  f i e l d  can be  shown 

i n  a s imi la r  manner t o  t h a t  used i n  s e c t i o n  3 .  

Now c o n s i d e r  t h e  case  of inhomogenei t ies  t h a t  a s y m p t o t i c a l l y  v a n i s h  as  x 

i n c r e a s e s .  It i s  easy  t o  see t h a t  f o r  l a r g e  enough t ,  I$ w i l l  be a s y m p t o t i c a l l y  

p e r i o d i c .  The l a s t  t e r m  of ( 1 4 )  w i l l  t hen  v a n i s h  because i t  then  depends on 

B and C e v a l u a t e d  f o r  l a r g e  v a l u e s  of  x only .  The shaded r eg ion  i n  F i g u r e  4 i s  
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t h e  r e g i o n  of  i n t e g r a t i o n  f o r  t h e  las t  term of  (14), and f o r  any  x, as t 

i n c r e a s e s  t h i s  r e g i o n  moves t o  t h e  r i g h t  so t h a t  t h e  v a l u e s  of B and C i n  

t h i s  r e g i o n  a s y m p t o t i c a l l y  van i sh .  Once t h e  las t  term o f  (14) becomes v e r y  

s m a l l ,  (14)  becomes similar t o  (31). The re fo re ,  f o r  any x, $I is  a s y m p t o t i c a l l y  

p e r i o d i c  f o r  l a r g e  t. Likewise,  i t  can b e  shown t h a t  f o r  any  x, $J i s  

a s y m p t o t i c a l l y  p e r i o d i c  f o r  t l a r g e  enough. 

To summarize, i t  h a s  been shown t h a t  i f  t h e  c o e f f i c i e n t s  A, By c and D 

v a n i s h  everywhere e x c e p t  i n  a r e g i o n  nea r  t h e  o r i g i n ,  t hen  f o r  any x t h e  

s o l u t i o n  f i e l d  w i l l  be  p e r i o d i c  i f  t s a t i s f i e s  (32) .  Moreover, i f  t h e s e  co- 

e f f i c i e n t s  v a n i s h  a s y m p t o t i c a l l y  f o r  l a r g e  I X I ,  t h e n  t h e  so lu t io1 i  f i e l d  w i l l  

become a s y m p t o t i c a l l y  p e r i o d i c  f o r  l a r g e  t .  S i m i l a r  conc lus ions  can  be made 

f o r  t h e  o t h e r  boundary and /o r  s o u r c e  c o n d i t i o n s  d i s c u s s e d  i n  s e c t i o n  2.  

6. IXPLICATIONS FOR PHYSICAL PHENOMENA 

The p ropaga t ion  of d i s i u r b a n c e s  through nonuniform media are of t e n  governed 

by h y p e r b o l i c  systems of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  such  as (1). T y p i c a l l y ,  

t h e  c o e f f i c i e n t s  X and o i n  (1) depend on p r o p e r t i e s  of t h e  media such  as t h e  

speed of sound and i f  t h e  media is  a f l u i d ,  t h e  f l u i d  v e l o c i t y .  The co- 

e f f i c i e n t s  x, 2, c and Td depend n o t  only on t h e  media p r o p e r t i e s ,  b u t  a l s o  on 

t h e  g r a d i e n t s  of t hese .  I n  p a r t i c u l a r ,  t h e s e  c o e f f i c i e n t s  v a n i s h  wi th  those  

g r a d i e n t s .  It i s  o f t e n ,  but  n o t  always,  t h e  case t h a t  t h e  l i n e a r i t y  of t h e  

sys tem of p a r t i a l  d i f f e r e n t i a l  equa t ions  i s  a r e s u l t  of assuming t h a t  t h e  pro- 

p a g a t i n g  d i s t u r b a n c e s  are s m a l l  compared t o  t h e  cor responding  media p r o p e r t i e s .  

I n  any case, t h e  l i n e a r i t y  of  t h e  system i m p l i e s  t h a t  t h e  p ropaga t ing  d i s t u r b a n c e  

does n o t  a f f e c t  t h e  b a s i c  media p r o p e r t i e s  t h a t  e n t e r  i n t o  t h e  c o e f f i c i e n t s  

of  t h e  system. 
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Problems d e a l i n g  w i t h  t h e  p ropaga t ion  of  waves which are governed by 

systems such  as (1) arise i n  numerous branches  o f  p h y s i c s .  The p e r i o d i c i t y  

assumption is  a t o o l  t h a t  i s  almost  u n i v e r s a l l y  used t o  s i m p l i f y  t h e  a n a l y s i s  

of such  phenomena. Examples of areas where systems of  e q u a t i o n s  s i m i l a r  t o  

(1) arise are, among o t h e r s ,  t h e  s tudy  of wave p ropaga t ion  through t h e  

atmosphere [l], t h e  ocean [ 2 ] ,  e l e c t r i c  and magnet ic  f i e l d s  [ 3 ] ,  l a y e r e d  

media [ 4 ] ,  plasmas [ 5 ] ,  e l a s t i c  b a r s  [ 3 ] ,  etc .  In  a l l  t h e s e  cases, e x t e n s i v e  

use  is made of t h e  p e r i o d i c i t y  assumption.  Based on t h e  r e s u l t s  of s e c t i o n s  

3 ,  4 ,  and 5,  w e  can r each  some g e n e r a l  conc lus ions  about  t h e  p e r i o d i c i t y  of 

d i s t u r b a n c e s  and thus  about  t h e  v a l i d i t y  of  t h e  p e r i o d i c i t y  assumption.  

These conc lus ions  apply t o  any f i e l d  i n  which t h e  f l u c t u a t i o n s  are governed by 

systems such as (1) and which a r e  d r i v e n  by p e r i o d i c  s o u r c e s  o r  boundary c o n d i t i o n s .  

1. I f  t h e  non-uni formi t ies  of t h e  media ex tend  throughout  space  and have 

g r a d i e n t s  which a r e  n o t  "snall", t h e  p ropaga t ing  f l u c t u a t i o n s  w i l l  i n  g e n e r a l  

no t  be p e r i o d i c ;  

2 .  I f  t h e  g r a d i e n t s  of t h e  media p r o p e r t i e s  are " s m a l l "  (compared t o  t h e  

p r o p e r t i e s  themselves) ,  then  i n  g e n e r a l  t h e  f l u c t u a t i o n s  will n o t  be p e r i o d i c .  

However, t h e r e  are s i t u a t i o n s  i n  which t h e  f l u c t u a t i o n s  a r e  a lmost  p e r i o d i c  

i n  the  sense  t h a t  non-periodic  e f f e c t s  a r e  s m a l l  compared t o  a dominant p e r i o d i c  

f l u c t u a t i o n .  It i s  u s u a l l y  t h e  case  t h a t  t h e  s i g n s  of  t h e  g r a d i e n t s  of t h e  

media p r o p e r t i e s  determine whether  o r  no t  t h e  p e r i o d i c  f l u c t u a t i o n s  a r e  indeed 

dominant f o r  a l l  t i m e ;  

3 .  I f  t h e  g r a d i e n t s  of t h e  media p r o p e r t i e s  and t h e  p r e s c r i b e d  i n i t i a l  

c o n d i t i o n s  v a n i s h  everywhere excep t  f o r  a compact r e g i o n  of space ,  then  t h e  

p ropaga t ing  f l u c t u a t i o n s  w i l l ,  a f t e r  some t i m e ,  become p e r i o d i c .  There i s  no 

r e s t r i c t i o n  on t h e  magnitude of t h e s e  g r a d i e n t s  i n  t h e  r e g i o n  where they  do n o t  
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i d e n t i c a l l y  van i sh .  Furthermore,  i f  t h e s e  g r a d i e n t s  and i n i t i a l  d a t a  

v a n i s h  a s y m p t o t i c a l l y  a t  l a r g e  d i s t a n c e s ,  t hen  t h e  f l u c t u a t i o n s  w i l l  become 

a s y m p t o t i c a l l y  p e r i o d i c  f o r  i n c r e a s i n g  t i m e .  

W e  now c o n s i d e r  i n  g r e a t e r  d e t a i l  one p a r t i c u l a r  p h y s i c a l  s i t u a t i o n  

where t h e  above conclus ions  apply.  

PtropagaZion a b  ptrehawre ~LuctuaLionn t h o u g h  bzeady 6Lowb 06  LoasLeha Q&L& 

W e  f i r s t  show t h a t  a sys tem such as (1) may indeed  govern t h e  propaga- 

t i o n  o f  p r e s s u r e  f l u c t u a t i o n s  through one d imens iona l  s t e a d y  f low.  A l l  

model problems cons idered  n e g l e c t  any e f f e c t s  due t o  v i s c o s i t y  and h e a t  

conduct ion .  For  s i m p l i c i t y ,  i t  i s  assumed t h a t  t h e  media i s  a p e r f e c t  gas ,  

a l t h o u g h  t h i s  assumption i s  by no means n e c e s s a r y .  

w i l l  be  denoted  by s u b s c r i p t  0 ,  and the  a c o u s t i c  p e r t u r b a t i o n  by v a r i a b l e s  

wi thou t  s u b s c r i p t .  The p r e s s u r e  i s  denoted by p ,  t h e  d e n s i t y  by p ,  t h e  speed 

of sound by c ,  and t h e  v e l o c i t y  by u.  

Throughout t h e  mean f low 

For  a one dimensional .moving inhomogeneous medium (with area change) ,  t h e  

e q u a t i o n s  governing t h e  propagat ion  of sound are g iven  by: 

and 

- a u + 1 * + u  - -  au 
a t  P, ax  0 ax [ U Z I  a u O  = o  

oco 

where y i s  t h e  cons t an t  r a t i o  of s p e c i f i c  h e a t s  and S=S(x) i s  t h e  c ros s -  

s e c t i o n a l  area. I n  each  e q u a t i o n  t h e  f i r s t  b racke ted  term is  due t o  t h e  p r e s s u r e  

g r a d i e n t  of  t h e  mean f low,  t h e  second i s  due t o  t h e  v e l o c i t y  g r a d i e n t  
. 
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of t h e  mean f low,  and t h e  t h i r d  i s  due t o  t h e  change i n  c r o s s - s e c t i o n a l  

area. Equat ion  (33) i s  v a l i d  s o  long  as t h e  mean f low is  t i m e  independent  

and t h e  sou rce  o r  boundary d i s t u r b a n c e  is  a c o u s t i c  i n  n a t u r e ,  e .g .  i s  a 

p r e s s u r e  sou rce  and n o t  an en t ropy  source.  

The system ( 3 3 )  can be s i m p l i f i e d  by imposing r e s t r i c t i o n s  on t h e  mean 

flow. For i n s t a n c e ,  i f  t h e  medium is  a t  rest w i t h  c o n s t a n t  p r e s s u r e  (u =O, 

p = c o n s t a n t )  and t h e  c r o s s - s e c t i o n a l  area i s  c o n s t a n t  (S'constant) ,  on ly  t h e  

f i r s t  two terms i n  each e q u a t i o n  f a i l  t o  v a n i s h .  I n  f a c t ,  t h e  two e q u a t i o n s  

may be combined t o  y i e l d  t h e  f a m i l i a r  

0 

0 

a 1 3  2 L J - p c 2 -  0 0 ax (- p o  ax ) = O .  
a t 2  

Other s imple r  systems of i n t e r e s t  are ones  f o r  f l o w s  a t  rest w i t h  c o n s t a n t  

en t ropy  (u =0, pop iy=cons tan t )  and f lows w i t h  no area change (S=cons tan t ) .  
0 

I n  t h e  c h a r a c t e r i s t i c  ' v a r i a b l e s  

and 

$ I =  P - P O C O U  

t h e  system f o r  u =0 ,  p =cons tan t  and S=cons tan t  becomes 
0 0 

For u =0, +cons tan t  and c o n s t a n t  en t ropy ,  t h e  c h a r a c t e r i s t i c  system i s  
0 
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c 

For t h e  f u l l  system (351, t h e  c h a r a c t e r i s t i c  system is 

-y-1 y-3 

(:)t + 

u 0 0  -c O )(i), + $[&? ( 3-y ,+I)+ (%)?? 0 (-: -3 
+ 3 ( y + l  y-1 ) + $ ( I n s )  ( YU 0 +c 0 '"o-co)\ (i) = o .  

yu +c yuo-co 
0 0  

ax y-1 y + l  

For any o t h e r  s p e c i a l i z e d  mean f low,  an a p p r o p r i a t e  sys tem can  be found from 

( 3 7  . It i s  obvious  t h a t  a l l  t h r e e  s y s t e m s  (35) ,  (36) and (37 )  are of t h e  same 

f o r -  a s  (1) .  

The impor tan t  t h i n g  t o  n o t e  i s  not t h e  d i f f e r e n c e s  i n  t h e  systems (35) - 

( 3 7 ) ,  b u t  r a t h e r  t h e i r  s i m i l a r i t i e s .  The most impor tan t  s i m i l a r i t y  i s  t h a t  f o r  

t h e  c h a r a c t e r i s t i c  dependent v a r i a b l e s ,  a l l  systems w i l l  have a term i n v o l v i n g  

u n d i f f e r e n t i a t e d  v a l u e s  of @ and $ . This  i s  t r u e  even f o r  t h e  ex t remely  

simple c a s e  of system ( 3 5 ) .  The only excep t ion  i s  when a l l  g r a d i e n t s  v a n i s h ,  

i . e . ,  u c and S a r e  c o n s t a n t ,  i n  which c a s e  (37)  becomes 

1 

0' 0 

(:)t + r0ico u 0 0  -c O ) (i), = O 

r e g a r d l e s s  of whether u =O o r  u =cons tan t .  The re fo re ,  t h e  e s s e n t i a l  s i m p l i f i -  

c a t i o n  i s  no t  u =O, b u t  r a t h e r  ze ro  g r a d i e n t s  s i n c e  i t  w a s  seen i n  s e c t i o n  3 

0 0 

0 

23 



t h a t  i t  i s  p r e c i s e l y  those  terms which appear  i n  (35) ,  (36 ) ,  o r  (37) and 

n o t  i n  (38) which can b r i n g  about  t h e  non-pe r iod ic i ty  of t h e  s o l u t i o n .  I t  

i s  a l s o  c l e a r  t h a t  any r e s t r i c t i o n s  made on t h e  c o e f f i c i e n t s  A, B ,  C and 5 

i n  (1) are from (37) r e s t r i c t i o n s  on t h e  g r a d i e n t s  of t h e  media p r o p e r t i e s  

- -  

- 
c u and S .  I n  p a r t i c u l a r ,  if A, e tc .  v a n i s h  everywhere excep t  f o r  a 

bounded r eg ion  of  space then  i t  must be  t h a t  t h e  f l u i d  is  uniform and i s  

noving a t  a cons t an t  v e l o c i t y  everywhere e x c e p t  f o r  a bounded r eg ion  of space .  

X similar  analogy holds  f o r  t h e  case of A, e tc . ,  v a n i s h i n g  a s y m p t o t i c a l l y  

f o r  l a r g e  d i s t a n c e s .  

i n  many p h y s i c a l  s i t u a t i o n s ,  such  as j e t s  ( see  [ 6 , 7 ] ) ,  t h e  media non- 

u n i f o r m i t i e s  do indeed decay i n  such a manner. 

0’ 0 

This  l a s t  s i t u a t i o n  i s  of p a r t i c u l a r  importance s i n c e  

REFERENCES 

[l] H. Lamb 1 9 3 2  ffyclhadgnamics. New York: Dover P u b l i c a t i o n s ,  S i x t h  
E d i t i o n ,  1945 r e - i s s u e .  

[ 3 ]  I .  Tols toy  1 9 7 3  h u g  P t r c p U g d c l k ~ .  New York: M c G r a w - H i l l .  

[41 L .  M. Bredhovskikh 1960 Wuvcs hi Laqemd Aiedia. New York: Academic 
P r e s s .  

[51 S .  L. Hsieh and S. P. Gary 1976 JclUtrbzUA? 06  PLmrna P h g h ( c 5 ,  t o  appear .  
Ion wave growth i n  a plasma w i t h  s u p e r s o n i c  f low.” 11 

[61 L .  K. Schubert  1972 JvuhlzUA? icj ttlie AcicuhLkd S u c i e L y  06 Atnc.tica 51, 
447-463. 
wave a c o u s t i c s  . ‘ I  

”Numerical Study of sound r e f r a c t i o n  by a j e t  flow 11, 

[71 C .  H. Liu and L.  M a e s t r e l l o  1975 AZAA J u u t n d  1 3 ,  66-70. “Propagat ion  
of sound through a rea l  j e t  f l o w f i e l d . ”  

24  



c 

x 

Figure 1. Characteristic geometry and the curve t=t*(x>. 
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F i g u r e  2 .  C h a r a c t e r i s t i c  geometry f o r  ( x , t )  such t h a t  x<x . 
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x=x X 0 

Figure 3. Characteristic geometry for ( x , t )  such that x>x . 
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Figure  4 .  Regions o f  i n t e g r a t i o n  f o r  p o i n t s  one pe r iod  a p a r t .  
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